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In this write-up, we are given an undirected graph G = (V,E) with capacities C : E → Z≥1. We begin
by defining uniform multicommodity flow problem that we want to consider:

Definition 0.1 (Uniform Multicommodity Flow Problem) For each pair of vertices {u, v} ∈
V , there is a unique commodity with unit demand on the terminals u and v. The objective is to max-
imize f , such that we can concurrently send f units of flow between the terminals of each commodity,
without violating the capacity constraint of any edge. We denote the maximum value of such f by f∗.

Definition 0.2 ((Multicommodity) Min-Cut) For any cut < S, S̄ > of the graph, we denote by
c(δ(S)) the capacity of all the edges in it. The objective is to minimize the ratio of the capacity of the

cut and “total demand across the cut”: η∗ = minS
c(δ(S))
|S|(n−|S|) , called sparsity of the cut. The optimal

such cut < S∗, S̄∗ > is called the “sparsest cut”.

It directly follows from the above definitions that f∗ ≤ η∗. The question is how large can η∗ be
compared to f∗?

1 A bad example in which η∗ is much larger than f ∗

Consider the following example: Let H be a 3-regular expander on n vertices with unit capacity
edges. We will prove that η∗ ≥ Ω(1/n) and f∗ ≤ O(1/n log n) giving us f∗ ≤ O(η∗/ log n). In the
next section, we will see the theorem of Leoghton and Rao which essentially says that this example is
indeed worst possible one: f∗ ≤ η∗ ≤ O(f∗ log n).

• η∗ ≥ Ω(1/n)
Consider any cut < S, S̄ > with |S| ≤ n/2. Since H is an expander, c(δ(S)) ≥ Ω(|S|); or
η∗ ≥ Ω(1/n) .

• f∗ ≤ O(1/n log n)
Fix any node u of H. Since H is a 3-regular expander, at most n/3 nodes lie within O(log n)
hops from u (for a suitable choice of constant). This means more than 2n/3 vertices lie at least
Ω(log n) hops away from u; or Ω(n2) pairs are separated by Ω(log n) hops. To send f∗ units of
flow for each of these commodities, Ω(n2 log nf∗) capacity is used. The total edge capacity of H
being O(n), f∗ ≤ O(1/n log n).

2 The Theorem

The goal of this section is to prove the following theorem:
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Theorem 2.1 (Leighton & Rao ’99) There is a log n-approximation algorithm for sparsest cut
problem. In particular, we can find a cut with sparsity η such that η ≤ O(f∗ log n). This directly
implies that f∗ ≤ η∗ ≤ O(f∗ log n).

The first step is to consider the LP for the uniform multicommodity flow problem:

f∗ = maximize f

subject to: flow(u, v) ≥ f, {u, v} ∈ V
flow(e) ≤ ce, ∀e ∈ E

For a label function d : E → R≥0, we denote the label of edge e by de. With an overload of notation,
we denote the length of the shortest path between vertices u and v under the labels d by d(u, v).
Armed with this notation, we can write the dual of the above LP as:

f∗ = minimize
∑
e

cede

subject to:
∑
{u,v}

d(u, v) ≥ 1

Theorem 2.2 Given a dual solution with objective value f =
∑

e cede, we can find a cut < S, S̄ >
with sparsity η ≤ O(f log n).

Denote C =
∑

e ce. To make our lives simpler, we replace each edge e in G by a path of dCde/fe
edges, each of length f/C and capacity ce. We call the resulting graph G′. First, it is easy to verify
that the total capacity of edges of G′ is

∑
e dCde/fe ce ≤ 2C.

We fix a parameter α = 4fn2 log n/C. First assume that the value of α is very large, say Ω(1). Then
the problem is trivial since the sparsity of an arbitrary cut containing Θ(n) nodes on either side is
η ≤ C

Ω(n2)
= O(f log n). We now focus on the hard case in which α is very small.

The key to deal with this case is a ball growing algorithm. The goal of this technique is to construct
balls centered at vertices of V such that all vertices in V are covered (Note: V = V (G) ( V (G′)).

For each uncovered vertex u, the stage t ≥ 1 of the ball growing technique adds all vertices of V (G′)
exactly at distance tf/C from u to the ball Bt

u centered at u. Fix a parameter κ = 4C/n. We begin
with the ball after stage 0: B0

u = {u}. Consider the scenario before starting the procedure of stage t.

We proceed with the procedure corresponding to stage t iff c(δ(Bt−1
u ))

κ+c(Bt−1
u )

> α, where c(Bt−1
u ) denotes the

total capacities of edges contained inside the ball Bt−1
u . We repeat this technique for all uncovered

vertices of V 1.

Let B be the final set of balls. We distinguish between the following two cases:

2.1 ∀B ∈ B, |B ∩ V | ≤ 2n/3

Let B′ ⊆ B be a subset of balls such that for S = V ∩
⋃
B′∈B′ B

′, |S| and |S̄| are Θ(n). Using the
cardinality bound on all B in B, we can find such subset easily by greedy algorithm. We can also

1Even though the number of vertices in G′ is not polynomial in input size, it is easy to see that we can perform this
technique efficiently.
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ensure that for all balls B′ ∈ B′, the ratio c(δ(B))
κ+c(B) ≤ α 2. This implies that c(δ(S))

κ+c(S) ≤ α 3. Now for the

cut < S, S̄ >, η ≤ α(κ+2C)
Θ(n2)

= O(f log n).

2.2 ∃B ∈ B s.t |B ∩ V | > 2n/3

Consider the ball growing step in which B was formed. We want to show that the radius of B is
relatively small. After first stage, the total capacity of internal edges grew by a factor of at least 1+α.
The total capacity of G′ being bounded by 2C, the ball could have grown for at most 1 + logn/2

log 1+α ≈
1+ logn/2

α ≤ log n/α steps, for α� log 2. Thus, the radius of B is bounded by (f/C)(log n/α) = 1/4n2.

With the help of this, we can bound: 1 ≤
∑
{u,v} d(u, v) ≤

∑
{u,v} d(u,B) + d(v,B) + 1/2n2 or,∑

u d(u,B) ≥ 3/4n.

Let Vi be the set of nodes of V at least if/C distance away from B, and denote |Vi| = ni. Let Γi be

the cut < V \Vi, Vi > of sparsity ri = c(Γi)
ni(n−ni)

≤ c(Γi)
ni2n/3

. Since c(Γi) is a cut separating Vi from R,

the edges of Γi contributes exactly nif/C to
∑

u d(u,R). By averaging argument, there is a choice of
index j such that the average contribution per unit capacity in Γj is at least the average contribution

per unit capacity in G′. In other words, ∃j s.t,
njf/C
c(Γj) ≥

3/4n
2C , or rj ≤ 4f . Thus, we have found the

cut < V \Vj , Vj > of sparsity η = rj = O(f).

2There is at most 1 ball for which this is not true. We can force it to lie in B\B′.
3For positive reals a, b, p, q by suitable convex combination, a+b

b+q
≤ max (a

b
, p
q
)
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